We describe an enhanced temporally switched interfero-polarimeter that has been successfully deployed for high spatial resolution motional Stark effect imaging on the KSTAR superconducting tokamak. The system utilizes dual switching ferroelectric liquid crystal waveplates to image the full Stokes vector of elliptically polarized and Doppler-shifted Stark-Zeeman Balmer-alpha emission from high energy neutral beams injected into the magnetized plasma. We describe the optical system and compare its performance against a Mueller matrix model that takes account of non-ideal performance of the switching ferro-electric liquid crystal waveplates and other polarizing components.
I. INTRODUCTION
Motional Stark effect (MSE) polarimetry is a widely utilized diagnostic tool for helping infer the internal current distribution in high powered fusion devices. The technique is based upon the measurement of the polarization orientation of Doppler-shifted Balmer-alpha emissions from a high energy neutral beam that has been injected into the plasma. A motionally induced electric field, E = v × B in the rest frame of the atoms, produces orthogonally polarized and Stark-split σ and π components whose orientation depends on the magnetic field pitch angle. 1, 2 Because of the viewing-angle-dependent Doppler shift, each spatial channel requires a different narrow-band filter to isolate a component of the MSE multiplet (usually σ ) for polarization analysis. Until recently, the need for a set of distinct narrow-band filters has represented a practical limit on the number of measurement channels. New interfero-polarimetric techniques that overcome this limitation allow 2D imaging of the motional Stark effect emission. 3, 4 In its simplest form, the instrument is a standard dual-waveplate polarimeter, but with one of the waveplate delays chosen so as to produce the spectral discrimination necessary to reveal the polarization information. The sinusoidal spectral response of an interferometer effectively allows tracking of the Doppler shifted emission across the beam image using only a relatively wide passband filter that admits the complete full-energy multiplet spectrum. Snapshot spatial heterodyne techniques, employing multiple simultaneous spatial carrier fringe patterns imposed on the beam Dα image through the use of shearing waveplates, have been used to capture images of the Stokes vector components and the beam Doppler shift.
A hybrid spatio-temporal Imaging MSE (IMSE) design has also been proposed, 3 and deployed with some success on the TEXTOR tokamak. 5 This system requires only a single spatial heterodyne carrier fringe pattern, with the fringe a) john.howard@anu.edu.au phase fronts oriented parallel to the beam velocity vector so that the radial resolution of the system is maximized. This is especially important for magnetic field measurements in the edge pedestal region. The fringe phase is affected both by the Doppler shift φ D and the polarization orientation θ . Using a switching ferro-electric liquid crystal (FLC) waveplate synchronized with the camera frame rate to alternately flip the sign of the phase-encoded polarization angle allows θ to recovered from successive frames.
While the pure Stark emission is linearly polarized, it has been shown that the light will be elliptically polarized when both the Stark and Zeeman effects are taken into account. 6 Moreover, any practical polarimeter designed to measure θ will also suffer from imperfections and non-ideal effects that can create an unwanted coupling between θ and the polarization ellipticity when the ellipticity is non-negligible. The system described in this article extends the spatio-temporal hybrid IMSE design presented in Ref. 3 to allow full Stokes vector imaging of the MSE multiplet. This is important for confirming quantum-mechanical modeling of the StarkZeeman multiplet polarization, and might allow the ellipticity to be used as an additional measurement constraint for inferring the plasma current profile. This paper describes the hybrid system and confirms its basic performance. A Mueller matrix model is developed that is able to successfully account for non-ideal optical components, including the FLC plates.
II. IMAGING MSE
A Stokes vector imaging polarimeter can be constructed using two delay plates and a polarizer 7 as seen in Fig. 1 . The two birefringent plates (with delays φ 1 and φ 2 ) are oriented with their fast axes separated by 45
• and with the transmission axis of the polarizer aligned parallel to the fast axis of the first delay plate. The incident elliptically polarized light can be represented by E = [cos χ exp(−iδ), sin χ ] T where tan χ = E y /E x is the ratio of the vertical and horizontal electric field amplitudes and δ is their phase difference. The transmitted intensity is
where I 0 is the incident spectral radiance. Alternatively, the polarization state can be expressed in terms of coordinates (2θ , 2 ) on the Poincaré sphere (as seen in Fig. 2) where θ is the orientation of the polarization ellipse and is the ellipticity of the light s = (cos 2 cos 2θ, cos 2 sin 2θ, sin 2 ) .
The linking relationships between the dual Stokes vector representations are sin 2 = sin 2χ sin δ and tan 2θ = tan 2χ cos δ. From Eq. (1), it is evident that the waveplate delays φ 1 and φ 2 can be chosen such that p isolates any desired component of the Stokes vector s. For example, if φ 1 = 3π /2 and φ 2 = π /2, then p = (1, 0, 0) and Eq. (1) depends only on I 0 and the s 1 Stokes component. For an unweighted sum over the complete set of orthogonal Stark π and σ emission components (i.e., without spectral discrimination), the second term in Eq. (1) MSE multiplet is net unpolarized). An effective weighting, and hence non-trivial polarimeter response, can be obtained by choosing optical delays that are comparable with the optical coherence of the multiplet components. Equation (1) is valid for optical delays φ 1 and φ 2 that are much less than the optical coherence length of the emission. The more general result is given by 4 
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where ζ (φ) is the magnitude of the complex optical coherence of the input radiation at optical delay φ = 2π LB(λ)/λ where λ is the wavelength, L is the plate thickness, B(λ) its birefringence, and we have used the shorthand notation φ ± = φ 1 ± φ 2 . When the optical delays are small (as in a standard polarimeter), the fringe contrast ζ is unity, and Eq. (1) is recovered. Under Fourier transform, the spectrally separated π manifolds (left plot of Fig. 3 ) give rise to a beat in their total fringe contrast ζ π with optical delay. On the other hand, the fringe contrast ζ σ of the σ manifold decays more slowly. Because they are orthogonally polarized (s σ · s π = −1), the π and σ interferograms have opposite phase and the nett fringe contrast for the full MSE mutliplet therefore obtains a maximum value at an optical delay that depends on the multiplet spectropolarimetric properties. Keeping φ 1 small, the interferometric delay φ 2 is chosen to maximize the net contrast of the IMSE interferogram as illustrated in the right plot of Fig. 3 . If Eq. (5) is summed over the π and σ manifolds, the resultant polarimetric image P ≡ 2S/I 0 is given by
with total multiplet brightness I 0 = I π + I σ and nett fringe contrast ζ = (I σ ζ σ − I π ζ π )/(I π + I σ ), and where s is the Stokes vector for the σ manifold. Because the MSE image brightness can vary, modulation techniques must be used to encode the polarization angles χ and δ, and the changes in the phase φ 2 arising from the beam Doppler shift. This can be achieved by shearing the optical delay(s) using a birefringent "displacer" that, in addition to producing a fixed optical delay, spatially separates the fast and slow rays (see Appendix A). The displaced waves are forced to interfere when they pass through the final polarizer and are brought to a common focus in the image plane. The optical path difference varies with position in the final image and so gives rise to a set of parallel interference fringes whose wavevector is parallel to the ray displacement.
For example, replacing the fixed delay φ 2 with a displacer that produces ray separation d parallel to the y axis (see Fig. 11 ) gives rise to a position dependent optical delay in the image plane that can be represented approximately by φ 2 ≡ φ(y) = φ 0 + k y y, where φ 0 is the fixed phase delay at y = 0 and k y = k 0 d/f where f is the final lens focal length, k 0 = 2π /λ 0 and λ 0 is the mean wavelength of the transmitted multiplet. A typical parallel fringe pattern produced using an alpha barium borate (α-BBO) displacer of thickness 5 mm and cut angle = 60
• is shown in Fig. 5 . As can be seen from Eqs. (3) and (6), the φ 2 carrier encodes information about all components of the Stokes vector. In addition, variation of λ 0 across the image due to the varying beam Doppler shift gives rise to a variation in the interferogram phase φ(y) (changes in φ 1 are negligible) that can be recovered on comparing with a calibration interferogram produced using light from a monochromatic light source of similar wavelength. To allow recovery of the unknown polarization and Doppler angles, an additional spatial heterodyne carrier wave can be generated by replacing the fixed delay plate φ 1 with net-zero-delay Savart plate (crossed displacers). These double spatial heterodyne systems are described in Ref. 4 .
III. SPATIO-TEMPORAL HYBRID SYSTEM
The use of multiple spatial heterodyne carriers necessarily reduces the maximum spatial resolution that can be achieved. To retain high spatial resolution in the x direction (assumed here to match the radial direction in the plasma), while still retaining the capability to distinguish both the polarimetric angles and the Doppler phase shift, requires a mixed time and spatial domain modulation strategy. For example, it has been shown that a switching FLC waveplate interposed between the polarimeter delay plates can be used to generate two orthogonal p states that will allow the determination of θ and φ D . 3 In this paper, we extend this idea to show how all of the relevant phase angles can be obtained.
FLC waveplates can quickly switch (≈ 40μs) the orientation of their axes through 45
• with the reversal of an applied low voltage bias. The fast switching time allows the FLC to completely change states between successive camera frames. Depending on the fast axis orientation (voltage polarity), the intrinsic FLC waveplate delay can be switched to contribute either to φ 1 or φ 2 allowing distinct measurements of the Stokes vector components in alternate frames. The two orientational states of this hybrid spatio-temporal imaging system are illustrated in the left image of Fig. 4 .
The polarization ellipse orientation θ is contained in the s 1 and s 2 components of Eq. (6) . With a first quarter-waveplate φ 1 = π /2, the system is sensitive to the quadratures of the polarization orientation θ . If the FLC carries a half-wave delay, and is oriented at 45
• , the effective waveplate delays are φ 1 = 3π /2 and φ 2 = φ(y). When the FLC axis rotates to the 90
• orientation the π phase delay instead contributes to φ 2 such that φ 1 = π /2 and φ 2 = φ(y) + π . Substituting these values for φ 1 and φ 2 into Eq. (3) the two states of the system (see Eq. (6)) measure
The contrast, ζ cos 2 , is independent of θ , while the difference phase in alternate frames can be used to unambiguously determine 4θ , the factor of four increasing the precision of the measurement (Fig. 5) . The sum phase gives 2φ(y) which can be compared with a calibration measurement at a nearby wavelength to obtain the Doppler phase image φ D . Note that if the Doppler phase is known, the spatial carrier alone is sufficient to encode the multiplet orientation and the FLC is not required.
As the nett fringe contrast ζ is generally unknown, it is not possible to recover the ellipticity from the fringe amplitude. To determine the ellipticity requires an additional state that can be obtained by replacing the first quarter-waveplate φ 1 = π /2 with a quarter-wave switching FLC. The second FLC state is oriented at 90
• as shown in Fig. 4 , such that
FIG. 4. (Left)
The dual-state hybrid imaging system. This system is sufficient to recover only the polarization orientation θ . The half-wave FLC waveplate can quickly switch its fast axis between the 45 • (green -P 1 ) and 90 • (red -P 2 ) orientations, while the displacer generates spatial heterodyne carrier fringes in the focal plane. (Right) To also obtain the ellipticity, the first quarter-waveplate is replaced with a quarter-wave FLC with states as shown.
The 90 • (both red -P 3 ) state provides the new information.
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Thorman, Michael, and Howard Rev. Sci. Instrum. 84, 063507 (2013) φ 1 = 0 and φ 2 = φ(y) + 3π /2 and the resulting image is
With φ(y) determined from P 1 and P 2 (Eqs. (7) and (8)) the polarimetric phase δ is available from the phase of the carrier. Thus, the ideal three state systems can be used for measurement of the polarimetric angles θ and δ and the Doppler phase φ D . With application of the linking relationships, and χ are also available (except when δ = ±π /2). Note that the ratio of the fringe amplitudes in the P 3 and P 1 states gives the following useful self-consistency crosscheck:
sin 2χ cos 2 = sin 2θ cos δ .
For the standard MSE viewing arrangement, it is generally the case that χ ∼ 0 so the imaging system will need to be tilted away from this orientation, or a half-waveplate introduced to rotate the multiplet, to ensure that the fringe contrast in the state P 3 is non-negligible. Finally, with two FLC switching waveplates there is a fourth possible arrangement for the system that occurs when the first quarter-wave FLC is at 90
• and the half-wave FLC is at 45
• . The signal in this case is
This state also encodes ellipticity. Any combination of the three states is capable of capturing all of the polarization information. For example, states P 3 and P 4 could be used first to determine a map of both 2φ(y) and 2δ from the sum and difference phase, before θ is determined from either P 1 or P 2 .
Although as high temporal resolution in θ is more desirable this strategy would not be preferable and therefore generally only P 1 , P 2 , and P 3 are needed.
IV. EXPERIMENTAL CHARACTERIZATION OF THE KSTAR THREE-STATE HYBRID SYSTEM
Allowing for imperfect components and/or component misalignments, the system states can be expressed more generally by
where the fringe contrast factor f n (θ , ) allows for coupling between θ and and g n (θ , ) is a general phase offset. If the misalignment angles of the components and the birefringent phase shifts can be determined independently, it is possible to calculate the functions f n and g n using an ideal Mueller matrix analysis of the system. Provided the optical imperfections are small, it is possible to infer images of the quantities θ and from experimental images using the model equations to account for coupling between the ellipse and Doppler angles. An alternative approach is to interpolate over look-up tables based on experimental calibration images over θ and ranges that span the values observed in the MSE experiments.
A broadband spectrograph and a rotatable polarizer arrangement were used to determine the various phase delays and orientation and switching angles, respectively. The results, which are reported in Appendix B, were used as parameters in the Mueller matrix numerical model of the po- larimeter response. For our system, the two FLCs were found to depart from their nominal delays by more than 10
• at 660 nm, leading to a significant coupling between θ and in the phases g n .
The system polarization response was tested using illumination from a neon spectral lamp at 659.895 nm. This wavelength is near the redshifted Balmer-alpha transition observed from the neutral deuterium beam in the KSTAR tokamak. The lamp was coupled to an integration sphere whose aperture filled the system field-of-view. The images were obtained using a standard f = 50 mm F-mount lens coupled to a PCO Sensicam QE CCD camera with 2 × 2 image binning (688 × 512 pixels). Light of different polarization ellipse orientations θ was produced using a computer-controlled rotatable polarizer and images were acquired at 7.5
• intervals. A quarter-waveplate fixed to co-rotate with the polarizer was used to produce elliptically polarized light. The angle between the fast axis of the waveplate and the transmission axis of the polarizer was adjusted in order to change the polarization ellipticity in fixed increments.
For typical KSTAR experimental conditions (B T ∼ 2.5 T and I P ∼ 600 kA), modeling indicates that the typical σ polarization orientation falls in the range −10
• < θ < 10 • , while the ellipticity arising from Stark-Zeeman coupling is typically 0
• < < 10
• . However, in this range it is possible that χ ≈ 0 and δ ≈ ±π /2 which produces low contrast in the P 3 state and the phase of the carrier becomes independent of the ellipticity . This would limit the usefulness of the system for determining the multiplet ellipticity. To ensure accurate measurement of the ellipticity as well as maintaining the horizontal carrier fringes it is necessary to rotate the incident polarized light away from this operating point. For the system deployed on KSTAR, the incident polarization was rotated by +45
• using a half-wave plate (noted in Appendix B). This change ensures that the system is capable of measuring simultaneously both the MSE ellipse orientation and the ellipticity.
Some systematic angular variations are observed in the 2D polarization maps as shown in Fig. 6 . The small fixed distortions in the polarization ellipse orientation angle image vary by less than 0.1
• over the full range of input polarization angles θ , and may be due to fixed-pattern angular differences between the FLC switch states. The results of the characterization of the total system polarization and interferometric response are presented in Figs. 7-9 . In images. Note that the inclusion of the half-wave plate (mentioned above) produces a −45
• translation of the θ axis in these figures compared to the system outlined in Sec. III. While there are some discrepancies between the model and experimental values, the measured angles and their trends are generally in good agreement.
If the multiplet had instead been rotated to take advantage of the approximate intersection point, near θ ∼ 50
• in the experimental calibration results, it is clear that the instrumental coupling between and θ would have had a small effect on the inferred orientation, with the associated error 0.5
• . On the other hand, because of the low fringe visibility at this orientation, there are considerable uncertainties in the observed angle δ. In this case, application of the Mueller model, or indeed, a look-up table to recover the true θ and images would be problematic. The results show that, for the present system, and expected levels of ellipticity, it is necessary to correct the measured images for coupling effects in order to obtain the MSE orientation angle with an uncertainty better than 1
• .
APPENDIX A: UNIAXIAL BIREFRINGENT PLATE PHASE SHIFT
The general form of the phase shift introduced by an anisotropic uniaxial plane-parallel plate with arbitrary orientation of the optical axis when the incident wave has an arbitrary direction is given by Veiras. 9 With θ i the angle of incidence, is the angle between the optic axis and the normal to the plate surface, ω is the angle between the plane of incidence and the principal section, and L is the thickness of the plate, the phase delay is given by φ = 2π L /λ with the dimensionless path difference given approximately by where a = 1/n e , b = 1/n o and n e and n o are the plate refractive indices. To first order in the angle of incidence θ i we see that the plate introduces a fixed phase delay and a linear phase ramp. In other words, the lateral separation of the rays and its associated angle-dependent optical path difference gives rise to a pattern of approximately parallel interference fringes when imaged by a lens through an appropriately oriented analyzer (Fig. 11 ). Both the fixed delay and shear terms can be varied by changing the cut angle and the plate thickness. For = π /2, we have the case of a standard delay plate and = B = n e − n o as expected.
APPENDIX B: OPTICAL SYSTEM PARAMETERS
The values were determined with the polarizer orientation as the reference (transmission axis at 45
• ) and are displayed in Table I . The optics were arranged in the system in the same order as in the table.
